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We are going to prove the following theorem:

Theorem:
Suppose p,>p, > --->p,>0 .

All zeros of the polynomial P(z)= zn: p,2' liein {|Z| > 1} .
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Proof ) Let ak:% , k=0,--,n and an=& . Then we see that
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In the same way we have
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_:1_<a0+a1_|_..._|_ak71) , k=1,---,n.
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From this we have
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p, 'P(z)= . =1+(1-a))z+(1-a,—a)z" +-+(1—-a,—a, —-a,,)z"
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Multiply both sides by 1—z we have
pglP(z)(l—z): P, + PZ+-+ P,z :1—2““—aoz(l—z”)—alzz(l—z”*‘)—---—anflz”(l—z)
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=1-2""—z(a, +az++a, 2" )+2""(a +a ++a,)
— 17" Z<a0 +az +..._|_anflz”’l)+ 2""'(1—a,), which means

P, P(z)(1-2)=1-2z(a,+az+-+a,_ 2" +a,2").



If « isazeroof P(z) ,ie. P(a)=0 ,then we have
I:a(a0+ala+...+an71a”*1+anoz”). Since P(0)=p,>0 ,it mustbe a=0 .

Hence j;:bv+Qa+m+awp”*+%a“gay+qhkk~+awﬁw4+aJﬂf
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If |a| <1 ,then from this inequality we have

a,+alo|++a, |of +alof <a, +a +-+a, +a, =1

. 1 .. :
we have a contradiction H <1 . Thus |a| >1 . To finish the proof, it
e

remains to show |a| =1 . On the contrary let’s suppose a =e"” . Then we

2i0 ind i(n+1)0

have 1=ag"” +ae™ +---+a, e™ +ae Comparing the real parts, we

have 1=a,cosf+a cos20+---+a,  cosnfe™ +a, cos(n+1)0 . However we see

that Zak =1, coskf# <1 and cosf <1 unless #=0(mod27) . By inspection

k=0

ind

the equality 1=a,cosf+a, cos20+---+a,_, cosnfe™ +a, cos(n+1)¢ holds if
and only if #=0(mod2m)or a=1 .Itisclear P(1)=0, so we conclude

|a| >1 . The proof is completed. B



